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ABSTRACT
In this study, we apply the Analytical method of Blind Separation (ABS) of the cosmic microwave
background (CMB) from foregrounds to estimate the CMB temperature power spectrum from multi-
frequency microwave maps. We test the robustness of the ABS estimator and assess the accuracy of
the power spectrum recovery by using realistic simulations based on the seven-frequency Planck data,
including various frequency-dependent and spatially-varying foreground components (synchrotron,
free-free, thermal dust and anomalous microwave emission), as well as an uncorrelated Gaussian-
distributed instrumental noise. Considering no prior information about the foregrounds, the ABS
estimator can analytically recover the CMB power spectrum over almost all scales with less than 0.5%
error for maps where the Galactic plane region (|b| < 10◦) is masked out. To further test the flexibility
and effectiveness of the ABS approach in a variety of situations, we apply the ABS to the simulated
Planck maps in three cases: (1) without any mask, (2) imposing a two-times-stronger synchrotron
emission and (3) including only the Galactic plane region (|b| < 10◦) in the analysis. In such extreme
cases, the ABS approach can still provide an unbiased estimate of band powers at the level of 1 µK2
on average over all ` range, and the recovered powers are consistent with the input values within 1-σ
for most ` bins.
Subject headings: Cosmology: cosmic microwave background, techniques: image processing, method:
data analysis
1. INTRODUCTION
The cosmic microwave background (CMB) is one of the
most powerful cosmological probes to study the physical
processes that occurred in the early universe. The power
spectra of its temperature and polarization anisotropies
encode detailed information on the statistics of the pri-
mordial perturbations, the existence of gravity waves
and the physical components of the universe. The ac-
curate measurement of the CMB power spectrum is thus
of prime importance in cosmological parameter estima-
tion. For this reason, tremendous experimental efforts
such as Boomerang (de Bernardis et al. 2000), MAX-
IMA (Halverson et al. 2002), DASI (Halverson et al.
2002), VSA (Watson et al. 2003), CBI (Mason et al.
2003), ACBAR (Kuo et al. 2004), SPT (Sievers et al.
2013), ACT (Das et al. 2014), POLARBEAR (Polar-
bear Collaboration et al. 2014), SPTpol (Keisler et al.
2015), and especially the WMAP (Bennett et al. 2003;
Hinshaw et al. 2013) and Planck satellites (Planck Col-
laboration et al. 2014) have already successfully provided
measurements of the CMB power spectra, yielding tight
constraints on the cosmological parameters. Moreover,
the primordial B-modes can probe horizon-scale primor-
dial gravitational waves and play a major role in un-
derstanding the inflationary epoch (Zaldarriaga & Sel-
jak 1997; Kamionkowski et al. 1997a; Hu & Dodelson
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2002). Recently, a number of experiments have been or
are being deployed with the goal of accurately measur-
ing the CMB polarization signal, such as QUBIC (Bat-
tistelli et al. 2011), BICEP2 (BICEP2 Collaboration
et al. 2014), Ali-CPT (Li et al. 2017), CORE (De-
labrouille et al. 2017), LiteBIRD (Matsumura et al.
2014), EPIC/CMBpol (Bock et al. 2009), PIXIE (Kogut
et al. 2011), PRISM (Andre´ et al. 2014).
The accuracy of the CMB power spectra measurements
however is limited by several astrophysical foreground ra-
diations present in the sub-millimeter range, mainly in-
cluding synchrotron, free-free and dust emissions, which
originate from within our Galaxy, and the Sunyaev-
Zel’dovich effects from extragalactic sources (Planck
Collaboration et al. 2016). In reality, when observing
the microwave sky, one measures not only the CMB sig-
nal itself but a linear mixture of the CMB with other
foreground components in addition to the instrumental
noise. Thus, it is crucial to separate the cosmological sig-
nal from the observed dirty sky so as to recover all the
valuable information encoded in the CMB anisotropies.
Regarding the component separation problem, a great
deal of work has been carried out in the literature. Sev-
eral algorithms, referred to as “non-blind’, which require
a prior knowledge of the components frequency depen-
dence, have been dedicated to perform foreground re-
moval. The most commonly used techniques exploiting
this method are Wiener Filtering (WF; Bunn et al. 1994;
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2Tegmark & Efstathiou 1996; Bouchet et al. 1999) and
the Maximum Entropy Method (MEM; Hobson et al.
1998). Gold et al. (2009) which reconstruct all compo-
nents based on a Markhov-Chain-Monte-Carlo (MCMC)
approach. A joint component separation and the CMB
power spectra estimation using the Gibbs sampling ap-
proach have been implemented by Jewell et al. (2004);
Wandelt et al. (2004); Eriksen et al. (2004); Larson et
al. (2007); Planck Collaboration et al. (2016), which is
based on a parametric model of the sky components and
provides a joint component separation and the Bayesian
parameter estimation. On the other hand, the frequency
dependence of foreground components is generally poorly
known and its uncertainty may lead to unwanted fore-
ground residuals in the cleaned maps. With this moti-
vation, several “blind” approaches have been proposed,
which make no prior assumption about foregrounds, such
as the methods using Independent Component Analysis
(ICA; Baccigalupi et al. 2004) and Correlated Compo-
nent Analysis (CCA; Bonaldi et al. 2006). The so-called
Internal Linear Combination (ILC) approach and its var-
ious variants have been extensively applied to the CMB
signal processing for foreground removal and to the CMB
power spectra estimation (Tegmark & Efstathiou 1996;
Tegmark et al. 2003; Bennett et al. 2003; Saha et al.
2006; Delabrouille et al. 2009). Remazeilles et al. (2011)
recently proposed a generalised ILC approach by con-
structing a multidimensional ILC filter in a needlet do-
main.
Subsequently, with a procedure based on internal tem-
plate fitting, Leach et al. (2008); Ferna´ndez-Cobos et al.
(2012) have successfully applied this method to Planck
simulations and to WMAP polarization data. In addi-
tion, with the assumption of spectral diversity of the
various components, Delabrouille et al. (2003); Mart´ınez-
Gonza´lez et al. (2003); Aumont & Mac´ıas-Pe´rez (2007);
Cardoso et al. (2008) propose a blind source separation
method, the Spectral Matching Independent Component
Analysis (SMICA), which has been successfully employed
on the Planck data.
Unlike all the above methods which involve heavy com-
putation, Zhang et al. (2016) recently presented an An-
alytical method of Blind Separation of the CMB from
foregrounds (ABS). Based on the measured cross band
power between different frequency bands, the CMB band
power spectra can be derived analytically, which does
not rely on any assumption about the foreground com-
ponents while avoiding multiple parameter fitting. Sim-
ilar to SMICA, the ABS approach works directly on the
cross power spectra. But it uses analytical formula to
solve for the CMB power spectrum. It also shares simi-
larities with ILC. In ideal case of no instrument noise, the
ABS output is identical to the power spectrum directly
measured from the ILC reconstructed CMB map (Vio &
Andreani 2008; Saha et al. 2008). In realistic situations
where instrument noise exists, the ILC differs from the
ABS (Zhang et al. 2016). ABS is designed with the pri-
mary goal of achieving unbiased CMB power spectrum
measurement. The key ingredient to fulfill this goal is
the introduced shift parameter, and the associated con-
vergence test and null test.
Here, we report the first test on the ABS method from
simulated Planck observations. For the purpose of as-
sessing the validity of the ABS estimator, we keep the
simulated foregrounds as realistic as possible. As the
first test, we apply the ABS approach to temperature
maps only, considering various sky cuts. It is important
to point out that the complicated beam effects are not
taken into account in our simulations. Since Zhang et al.
(2016) has already provided a complete description of the
mathematical formalism and numerical techniques that
in principle can be applied to polarization maps and ac-
count for frequency- and position-dependent beams, sky
cuts and other non-ideal effects, we propose to dedicate
a future paper to systematically test the ABS approach
against real-world observations.
The paper is organized as follows. In Sect. 2, we briefly
review the ABS approach. In Sect. 3 we describe our
simulated maps and present the application of the ABS
to the simulated skies and estimate the accuracy of the
CMB temperature power spectrum recovery in Sect. 4.
Finally, we draw our conclusions in Sect. 5.
We will use thermodynamic units throughout this pa-
per, corresponding to a constant CMB power spectrum
across frequencies.
2. THE ABS APPROACH
The ABS approach blindly and analytically subtracts
the foregrounds and recover the CMB signal in the spher-
ical harmonic domain rather than in the pixel domain.
This approach works on the cross band power spectrum
of two frequency maps. The measured data in the mul-
tipole bin ` can be written as
Dobsij (`) = fifjDcmb(`) +Dforeij (`) + δDnoiseij (`) . (1)
Here, Dobsij (`) denotes the cross band power spectrum
of measured temperature maps at the i- and j-th fre-
quency channels, where i, j = 1, 2 · · ·Nf and Nf is the
total number of frequency channels. In matrix notation,
Dij(`) also refers to the (i, j)-th entry of the Nf × Nf
matrix D(`). Dforeij is the cross band power matrix of
foregrounds. Here fi = 1 for all channels in the units
of thermodynamic temperature. Therefore, Dcmb repre-
sents the CMB temperature power spectrum that does
not vary with frequency.
The measured cross power spectrum is certainly con-
taminated by instrumental noise, so that we introduce
the noise term, δDnoiseij , which represents the fluctuations
of the instrumental noise in the measurements. The en-
semble average of the instrumental noise has been im-
plicitly subtracted out beforehand as it cannot bias the
estimate of the CMB power spectrum. In this study,
we assume that the instrument noise is an uncorrelated
Gaussian distribution, with zero mean and rms levels of
σnoiseD,i for the i-th frequency channel, i = 1, 2 · · ·Nf . The
residual noise hence has the following properties,〈
δDnoiseij
〉
= 0 ,〈
(δDnoiseij )2
〉
=
1
2
σnoiseD,i σ
noise
D,j (1 + δij) . (2)
2.1. In the case with no instrumental noise
Let us first consider the ideal case of no instrumental
noise, which motivates the framework of the ABS ap-
proach. Zhang et al. (2016) proves that the CMB power
3spectrum, Dcmb, can be analytically derived through
Dcmb =
(
M+1∑
µ=1
G2µλ
−1
µ
)−1
,with Gµ = f ·Eµ (3)
as long as M < Nf , where M ≡ rank(Dforeij ) and the or-
der of Dobsij (`) is Nf , and the vector f = (f1, . . . , fNf )T .
Eµ and λµ stand for the µ-th eigenvector and associ-
ated eigenvalue of Dobsij (`). We adopt the normalization
condition for eigenvectors, Eµ · Eν = δµν . In our cal-
culation, all eigenvalues and the corresponding eigenvec-
tors are ranked in decreasing order of eigenvalues. Note
that the rank M depends on the number of independent
foreground components. Previously, de Oliveira-Costa et
al. (2008) illustrated that the full sky foreground could
be well described to a very high accuracy using only a
small number of principal foreground components (e.g.,
M = 3).
2.2. In the case with instrumental noise
In reality, observations always suffer from instrumental
noise. To account for noise, the original Eq. 3 can be used
to recover the CMB power spectrum with the following
modifications.
Dˆcmb =
λ˜µ≥λcut∑ G˜2µλ˜−1µ
−1 − S . (4)
Here, we have introduced new variables, defined by
D˜obsij ≡
Dobsij√
σnoiseD,i σ
noise
D,j
+ f˜if˜jS ,
f˜i ≡ fi√
σnoiseD,i
, G˜µ ≡ f˜ · E˜µ , (5)
where E˜µ and λ˜µ are the µ-th eigenvector and corre-
sponding eigenvalue of D˜obsij , respectively. According to
Eq. 2, the dispersion of each diagonal and off-diagonal
elements of D˜obsij in such normalization is 1 and 1/
√
2,
respectively. The instrumental noise thus can lead to
unphysical (i.e.,noise dominated) eigenmodes with eigen-
values of |λ˜µ| . 1 in D˜obsij , detailed in Zhang et al. 2016.
For this reason, the threshold λ˜cut in Eq. 4 is not arbi-
trary but instead has a value of ∼ 1, since all unphysical
eigenmodes induced by instrumental noise should be ex-
cluded. According to our intensive tests, we find that the
estimate of the CMB power spectrum is not sensitive to
the threshold in the range of 1/2 . λ˜cut . 1 . As indi-
cated by the analysis of our simulations, λ˜cut is chosen
to be 1/2 for the best recovery of the CMB.
In Eq. 4, we also have introduced a useful free parame-
ter S, which shifts the amplitude of the input CMB power
spectrum from Dcmb to Dcmb+S. In practice, when solv-
ing for Dcmb numerically, we find that a positive shift
parameter is responsible for stabilizing the computation,
therefore providing better numerical properties. More
importantly, since the ABS method in the absence of S
always returns a positive value (as both G˜2µ and λ˜µ in
Eq. 4 are greater than zero), it should fail the null test.
However, one can avoid such overestimate on the CMB
signal by introducing S. This “shift” strategy performed
successfully when the underlying truth value of Dcmb is
much less than the noise level and when it approaches
zero. Such strategy becomes notably important for an
unbiased determination of the CMB B-mode power spec-
trum which has an unknown but close to zero amplitude.
In practice, our simulations show that the S ∼ 50σnoiseD
is an appropriate value to guarantee a stable computa-
tion and a successful null test result (See Appendix in
details).
3. SIMULATED PLANCK MAPS
In order to test the accuracy of the ABS approach,
we will apply the estimator in Eq. 4 to realistic sim-
ulations. We use full sky Planck simulations provided
by Thorne et al. (2017). The maps are generated at the
seven frequencies of Planck instruments (30GHz, 44GHz,
70GHz, 95GHz, 150GHz, 217GHz and 353GHz) using
HEALPix (Go´rski et al. 2005) with the resolution of
Nside = 1024, for which the spherical harmonics are com-
puted up to the multipole `max = 2000. In this study,
Planck maps in 545GHz and 857GHz are not taken into
account, since the inclusion of such two channels can not
improve the CMB recovery considerably and thus we can
safely neglect them in our test. This is because that the
noise levels in these two channels are significant larger
than the others and we can not efficiently gain additional
useful information of foregrounds from these two chan-
nels.
For simplicity, the primary beam pattern in this study
is assumed to be unity for all frequency channels. This
will not capture realistic observations, whereas all maps
can be easily degraded to the same resolution by the
beam smoothing process (i.e., a beam convolution). Ide-
ally, if the beam pattern only depends on frequency, this
smoothing process, in principle, would not affect the fore-
ground removal. But if the beam depends not only on the
frequency but also on the sky direction, such anisotropic
beam over the sky might slightly change the source esti-
mations. We will leave this to future works.
Together with the pure CMB signal, four foreground
components and Gaussian white noise at the expected
level of Planck instruments are mixed in the maps. These
state of the art simulations of different Galactic compo-
nents provide strict tests for the ABS estimator. The
CMB signal is randomly generated by using a tem-
perature power spectrum predicted by the public code
CAMB (Lewis et al. 2000) with the standard cosmologi-
cal parameters (Planck Collaboration et al. 2016).
Synchrotron, free-free, thermal dust and AME contri-
butions have been taken into account in our simulations
and we adopt the nominal PySM model (Thorne et al.
2017) as the fiducial foreground model. In this model,
the synchrotron intensity is a scaling of the degree-
scale-smoothed 408 MHz Haslam map (Haslam et al.
1981, 1982; Remazeilles et al. 2015; Miville-Descheˆnes
et al. 2008), with the spectral index being a direction-
dependent power-law. For free-free, the nominal model
uses the degree-scale smoothed emission measurement
and effective electron temperature Commander templates
by Bennett et al. (2013); Planck Collaboration et al.
(2016). For thermal dust, the simulations use template
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Fig. 1.— Upper panels: Example of realistic simulations of the Planck sky for the case “Galactic-plane cut” at the frequencies of 30, 150
and 353 GHz. The Galactic plane in the region of |b| < 10◦ is masked out. Frequency-dependent foreground components correspond to a
foreground morphology that varies with frequency. Lower panels: the corresponding angular power spectra of the simulated sources at the
masked Planck maps, in which the CMB, noise, synchrotron, free-free, thermal dust and AME have a different `-dependence. The units
are in µK.
maps at 545 GHz in intensity, which are estimated from
the Planck data using the Commander code (Planck Col-
laboration et al. 2016). The frequency scaling is modeled
as a single component, using the best-fit estimate. For
AME, the nominal model is derived from a parametric
fit to the Planck data and considers the two-component
contributions from the spatially varying and non-varying
emissivities (Ali-Ha¨ımoud et al. 2009; Silsbee et al. 2011;
Draine 2011).
In our simulations, we assume a somewhat idealized
noise model that is uncorrelated from pixel to pixel and
from channel to channel. For a given `, the white noise
rms levels in the 7 frequency channels from 30 to 353 GHz
are derived from Leach et al. (2008), with σnoiseD (`)/µK =
0.066, 0.065, 0.063, 0.028, 0.015, 0.023, 0.068, respectively.
Since the level of foreground contamination varies sig-
nificantly across the whole sky, we apply the ABS to
simulated maps with different sky cuts in order to study
how robust our results are to the level of foreground con-
tamination. Complementarily, an additional test is also
performed by varying the amplitude of the synchrotron
emission. In summary, four sets of frequency maps are
taken into account:
(A) maps with a cut of |b| < 10◦ around the Galactic
plane (“Galactic-plane cut”, in short);
(B) the region within |b| < 10◦ only (“inside Galactic-
plane”), which has the brightest foreground emis-
sion and can be regarded as the worst case;
(C) full sky maps without any masks (“full sky”);
(D) the same as case A, but now with a manually en-
hanced, by a factor of two, synchrotron emission
(“two-times-stronger synchrotron”).
The results of the last two cases are given in the Ap-
pendix to complement the discussion in the main text.
As an example, Fig. 1 shows the one realization of our
simulated Planck maps for the “Galactic-plane cut” case
at 30, 150 and 353 GHz, respectively, with masks created
by Mishra-Sharma et al. (2017). The maps at other fre-
quency channels are shown in Fig. 9 of the Appendix. For
comparison, the power spectra of all simulated sources
including the CMB, noise, synchrotron, free-free, ther-
mal dust and AME are shown in the lower panels. As
seen, the CMB signal in both frequency and angular-
scale dependence behaves significantly different from all
other signals. Furthermore, as the mask we adopted has
a sharp cutoff at the boundary, computing the angular
power spectrum from partial skies causes spurious oscilla-
tions inherent to the spherical harmonic transformation.
However, these oscillations can be corrected by standard
apodization filtering or taking a large bin size ∆`, which
have nothing to do with foreground removal.
4. TESTS ON SIMULATED SKIES
In this Section, we show the results obtained by ap-
plying the ABS approach to the simulated Planck seven-
frequency maps. The estimated CMB power spectrum
is obtained by averaging over the results from sky maps
with 50 independent realizations of instrumental noise.
The associated statistical errors are obtained from its
dispersion. The CMB signal and foreground components
are fixed in different realizations. The cross power spec-
trum is binned into bins of width ∆l = 40 throughout
the paper when using the ABS approach.
4.1. In the case of “Galactic-plane cut”
In Fig. 2, we demonstrate the distribution of the eigen-
values λ˜µ and show how λ˜µ vary with the multipole `.
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Fig. 2.— Eigenvalues of D˜obsij (`) for one realization of our simu-
lated seven-frequency Planck maps with the“Galactic-plane cut”,
in which the models of all microwave sources including CMB, 4-
component foreground and the noise levels are described in Sect. 3.
The eigenvalues, λ˜µ, are shown in absolute value. Due to the in-
strumental noise, D˜obsij (`) is not strictly positive, leading to some
small negative eigenvalues (red-triangle). The fiducial threshold
λ˜cut = 1/2 is shown by the black-solid line. All eigenmodes with
the eigenvalues smaller than 1/2 are excluded from the signal esti-
mation.
For a given `, there obviously are seven eigenvalues as the
order of D˜obsij is Nf=7. The complex microwave sky thus
can be decomposed into these eigenmodes completely.
The first three largest eigenvalues are several orders of
magnitude greater than the remaining ones, implying
smooth power-law spectral structures in physical fore-
grounds. Physically, the first three largest eigenvalues
are associated with the eigenmodes that are essentially
dominated by the free-free, the synchrotron and the to-
tal dust (including both thermal dust and AME) emis-
sions, respectively. We also see that these foreground-
dominated eigenvalues fall off rapidly as the multipole
` increase and this fall-off is approximately exponential
in the very low-` range (` . 80) where the eigenvalues
drop down by an order of magnitude. Since the observed
cross band matrix, according to Eq. 5, has been normal-
ized by noise, its eigenvalues thus monotonically decrease
with increasing `, which can be estimated from the lower
panels of Fig. 2. Furthermore, the fourth eigenvalues are
mainly related with the CMB signal. The fifth eigenval-
ues might be related to all foreground residuals, together
with the CMB component. In addition, the eigenmodes
associated with the remaining eigenvalues are essentially
dominated by the instrumental noise.
We also see that the last three eigenvalues can reach the
noise level, since these eigenmodes are essentially con-
tributions from the noise. Only the noise fluctuations
are able to produce negative eigenvalues (red triangles
in Fig. 2) in D˜obsij . This is the reason why we choose
a threshold λ˜cut to reject the noise-induced eigenmodes
and to optimally extract the CMB signal. As expected
in 2.2, the noise-induced eigenvalues have zero mean and
a typical value of |λ˜µ| ∼ 1, which is confirmed by our
simulations, shown in Fig. 2.
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Fig. 3.— The first five eigenvectors Eµ for the maps with
Galactic-plane cut as a function of frequency, with the ` bin cen-
tered at ` = 100. The corresponding eigenvalues are 3.19 × 105,
2.03 × 104, 4.88 × 103, 9.73, 1.12 µK2, respectively. The last two
eigenvectors, which are not shown here, have negligibly small eigen-
values of 0.41 and 0.027 µK2. According to Eq. 3, Eµ represents
eigenmodes of the raw data set (without normalization by noise
variance), and each mode with positive value (i.e. Eµ(ν) > 0 ) can
be qualitatively interpreted as an underlying physical component
or a linear combination of such components. The negative ones
may have no corresponding physical components because it leads
to a reduction in Gµ defined in Eq. 3. For example, (1) the first
eigenvector at ν & 200 GHz is essentially a contribution from the
thermal dust, since its amplitude increases with frequency, which is
compatible with the frequency dependence of the thermal dust in
our simulation. When ν . 200 GHz, the mode is just a mixture of
all of the source signals. (2) The second one at ν . 250 is possibly
dominated by a mixture of the synchrotron, free-free as both of
them would monotonically decrease with increasing frequency. (3)
The CMB mainly dominates the third one at 70 . ν . 200 GHz as
the mode is slowly varying with frequency, which is consistent with
the CMB black body spectrum. The remaining eigenvectors show
no specific features, with correspondent small eigenvalues receiving
contributions from all the sky components.
Since the simualted noise levels are significantly smaller
than the CMB signal at low-` regime, for simplicity, let
us consider an ideal case where the noise is assumed to
be absent. According to Eq. 3, the dot product of the
vectors, Gµ = f˜ · E˜µ, naturally measures the projection
of the CMB signal vector f onto the eigenvector Eµ that
is contributed from both foregrounds and CMB. Quali-
tatively, the dominated physical sources for eigenvectors
can be inferred from the frequency dependence and the
eigenvalues of Eµ(ν). In Fig. 3, we show the frequency
dependence of eigenvectors Eµ(ν) at the bin centered at
`= 100 for Dobsij (`). Based on the foreground models in
our simulations, the synchrotron and free-free dominate
the sky at low frequency (ν . 100 GHz) and the thermal
dust at high frequency (ν & 100 GHz). The former two
foreground components decrease as frequency increases
and conversely the latter one increases along with fre-
quency. Such property indicates that the first eigenvec-
tor at the high frequencies is essentially dominated by
the dust emissions, and the second one at the low fre-
quencies are probably contributed from synchrotron and
free-free. Note that, when Eµ(ν) < 0, it can not be sim-
ply interpreted as an underlying physical component or a
mixture of all the sky sources because its negative value
will lead to a reduction in Gµ in terms of Eq. 3.
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Fig. 4.— The CMB binned power spectrum estimated from the
ABS approach from the simulated seven-frequency Planck maps
in the case of “Galactic-plane cut” where a narrow mask strip
around the Galactic plane (|b| < 10◦) has been applied to the
maps (see Fig. 1). The spectrum is binned into bins of width ∆l
= 40. In comparison with the true power spectrum, the relative
error, Dˆcmb` /Dreal` − 1, and the associated 1-σ statistical error in
percentage, are shown in the lower panel, based on 50 independent
realizations of the instrumental noise.
More interestingly, since the third eigenvector at inter-
mediate frequencies (70 . ν . 200) has a slowly-varying
feature over frequency, which is roughly consistent with
the emission law of the CMB, we expect it represents the
CMB-dominated mode. As a further check, the contri-
bution from the third mode to Dobsij can then be esti-
mated in terms of the identity, Dobsij =
∑
µ λµEµ · ETµ ,
which is about λ3E3 · ET3 ∼ 1.2 × 103 µK2 where λ3 =
4.88×103 µK2 and each element of E3 ∼ 0.5 from Fig. 3.
This value is well compatible with the amplitude of the
CMB band power at ` ∼ 100, Dcmbij ' 103 µK2 (see
Fig. 1). In addition, there are no specific behaviors for
the other eigenmodes, suggesting that they are domi-
nated by a combination of all physical sources.
In Fig. 4, we present the recovered CMB band powers
for the case “Galactic-plane cut”. The estimated band
powers are obtained by averaging over the results from
50 simulated seven-frequency maps with independent re-
alizations of the instrumental noise, and the associated
statistical error in each `-bin (i.e., standard deviation) is
computed by the total dispersion of all realizations di-
vided by the square root of the number of realizations.
As seen, the ABS estimator provides a precise foreground
subtraction. The comparison of the recovered spectrum
with the true one shows a perfect agreement over the
whole multipole range.
In order to quantitatively appreciate the differences be-
tween the recovered and the true one, we show in Fig. 4
at the lower panel the relative error, r, in percentage,
where r = Dˆcmb` /Dreal` − 1 and Dˆcmb` is the estimator
of the CMB band powers in Eq. 4. In both large and
small scales, the ABS estimator provides an extremely
good recovery of the CMB band power spectrum. The
ensemble-averaged relative error for each ` bin, 〈r〉, is
negligibly small. The averaged relative error over all 50
`-bins is 0.047%, which is much smaller than the aver-
aged 1-σ statistical uncertainty of σr = 0.0023. At high-`
bins (` & 1000) where the noise level is slightly above or
comparable with the CMB signal, the error bars become
larger than those at the low `-bins and increase as ` in-
crease. Due to the noise effect, our estimator shows a
small positive bias toward the higher ` region. The max-
imum relative error of 〈r〉 = −0.011 is at the lowest `-bin
(2≤ ` < 40), which is not surprising as the maximum
foreground contamination relative to the CMB occurs at
very large scales. Furthermore, the corresponding abso-
lute errors with respect to the true band powers is given
by 〈∆D〉 with ∆D = Dˆcmb` − Dreal` . On average over all
`-bins, the absolute error is about −0.56 µK2 with 1-σ
error of 2.66 µK2, so that the ABS estimator provides
an accuracy at the level of 1 µK2 on the power spectrum
recovery.
In Tab. 1, the relative and absolute errors and asso-
ciated 1-σ uncertainties for six example bins show the
typical accuracy level. The above results indicate that
the estimated amplitudes of most ` bins (except for the
first and the last ones) are consistent with the input val-
ues within 1-σ, strongly implying that the ABS approach
provides an unbiased estimate of the CMB spectrum over
almost all scales.
It is worth thinking about the reasons for the negative
and positive biases in the recovered band powers. One
can see that the negative bias appears to be strongest
at the lowest ` bin, and the biases become positive at
small scales and increase in magnitude with increasing
`. From the simulations, the measurements suffer the
strongest foreground contamination with respect to the
signal at the lowest ` bin. One would naively expect
that the residual foreground contamination would cause
a positive bias in measurements. This is true only for
the case that the number of frequency channels is ex-
tremely insufficient, such as assuming 2 channels of 30
GHz and 353 GHz in the survey. Referring to Eq. 4, the
contribution of the µ-th eigenmode to Dˆcmb is inversely
proportional its eigenvalue λ˜µ, so that eigenmodes with
small eigenvalues would significantly affect the signal es-
timation. In this two-channel survey, the eigenvalues
(λ˜1 ∼ 107 µK2 and λ˜2 ∼ 105 µK2) are significant greater
than the value of the cut off we used, and thus the CMB
signal is essentially determined by the second eigenmode,
i.e., Dˆcmb ≈ λ˜2/G˜2µ ∼ λ˜2 in terms of Eq. 4, causing a sig-
nificant overestimate on the CMB.
On the other hand, the seven-frequency survey has pro-
vided the necessary frequency coverage essentially, the
negative deviation may be induced by a potential corre-
lation arising between the CMB signal and foregrounds
at large scale. Because of such correlation, the signal
would be poorly orthogonal to the foreground in fre-
quency space, leading to large values of G˜µ and then to a
small value of Dˆcmb. We further investigate the changes
of the negative bias by varying λ˜cut. The simulations
show that, all the recovered signals are underestimated
at the first ` bin, with the relative deviations of about
−4.97%,−1.1%,−0.59% and −0.53% for λ˜cut = 0, 0.5,
10 and 100, respectively. The existence of the negative
bias can be therefore qualitatively understood from these
results.
The positive biases in the high-` region are mainly due
7Range of multipoles 〈r〉 σr 〈∆D〉 (µK2) σ∆D (µK2)
2 - 40 -0.011 0.0049 -8.03 3.51
160 - 200 -0.0026 0.0027 -11.2 11.9
480 - 520 -0.0006 0.0021 -1.24 4.11
960 - 1000 0.0013 0.0016 1.22 1.52
1480 - 1520 0.0016 0.0021 0.88 1.15
1960 - 2000 0.0049 0.0042 0.91 0.78
TABLE 1
Relative and absolute errors on the recovered CMB band
power spectrum for the “Galactic-plane cut” maps at
several ` bins examples.
to the fact that the noise will gradually dominate over
the CMB signal when increasing `, and noise-dominated
unphysical eigenmodes with eigenvalues λ˜ below λ˜cut =
1/2 are excluded in the determination of the CMB. As
known, all eigenmodes with positive eigenvalues always
have positive contributions to the summation of terms
G˜2µ/λ˜µ. Due to a positive cut-off (λ˜cut > 0), some posi-
tive contributions are not included in computing the sum,
directly resulting in a decrease in the sum and then an
overestimate in the measurement of the CMB. As seen
from Figs. 2 and 4, the last four eigenmodes are com-
pletely excluded at ` & 1300, and a positive biases essen-
tially arise at the same scales, which is well consistent
with our explanation.
4.2. In the case of “inside Galactic-plane”
To demonstrate the validity of the ABS approach, we
test it against the most extreme case (“inside Galactic-
plane”) for which only the Galactic plane is used for the
CMB estimation and all the regions outside of |b| < 10◦
are masked out (see Fig. 5). As expected, the CMB
signal is highly contaminated by the brightest foreground
emissions within the Galactic plane, which would much
worsen the accuracy of the recovery.
As seen in Fig 6, the mean relative errors 〈r〉 be-
come relatively large for low- and high-` bins, which
reach about −3.5% and 5.7% at the bins centered at
`= 20 and 1940, respectively. The reason relies on
the fact that these large and small scales correspond to
the foreground- and the noise-dominated regions, respec-
tively, where foreground and noise may leak into the es-
timated signal. In addition, the true power spectrum of
the CMB inside the Galactic-plane is much smaller than
that in the case “Galactic-plane cut” (see Fig. 5), which
would enlarge the relative error even if the absolute error
is the same as that in the case “Galactic-plane cut”. We
also find the recovered spectrum in the multipole range
of 100 . ` . 1400 is almost the same as the true one
with only < 1% deviation (e.g., ∼ 0.2% at l ∼ 180 and
∼ 0.03% at l ∼ 480; see Tab. 2), which are comparable
with those of the case “Galactic-plane cut”.
At ` & 1500, the relative errors and associated error
bars are somewhat increased, since the noise signal dom-
inates in this high-` region, slightly overestimating the
CMB signal. By averaging over all bins, we find the rela-
tive error of 〈r〉 = 0.76% and associate statistical uncer-
tainty of σr = 0.011, corresponding to the absolute error
of 0.51 µK2 with the uncertainty of 2.16 µK2. Even for
this extreme case, the ABS approach can still provide the
estimate at below 1% level. The averages of the relative
errors and statistical uncertainties become 16 and 5 times
larger than those of the case “Galactic-plane cut”. The
average of the absolute errors however is only slightly
increased by 10%. It implies that the ABS estimator is
capable of identifying and removing all the foreground
sources from the simulated Planck seven-frequency maps
at the level of about 0.5 µK2 by averaging over all bins.
The ABS estimator is extremely robust and different sky
cuts cannot bias the estimate significantly.
4.3. The Null Test
The null test is expected to be an important check
for verifying the validity of our estimator, especially for
detecting the extremely faint primordial B-mode polar-
ization. To investigate our null test, we apply the ABS-
estimator to the simulated sky maps in the absence of the
CMB signal. The results of the null test in the “Galactic-
plane cut” and “inside Galactic-plane” cases are shown
in Fig. 7. We see that there are no significant false signals
for both cases, and the astrophysical sources and noise
can bias the estimate at the level of ∼ 1 µK2 on average,
which is comparable with the bias level estimated from
the maps in the presence of the CMB signal.
In order to accurately evaluate the null test, for each
`-bin we calculate the statistic, χnull` ≡ Dnull` /σ`, where
Dnull` is the null band power and σ` is the standard devia-
tion of Dnull` in the 50 realization of our simulations. We
evaluate χnull` , which is responsive to systematic biases in
the null spectra and provides a quantitatively analysis to
verify the null test. The mean of the χnull` over all bins
is 3.37 ± 2.04 in the case of “Galactic-plane cut”, and
is 2.69± 3.11 in “inside Galactic-plane”, which validates
that the null-power-spectra are consistent with zero in
1.7-σ and within 1-σ, respectively. We also find the mean
of the χnull` for the “full sky” case is 5.86±8.1, consistent
with zero in 1-σ. To further check the consistency and
stability, we perform the null tests for the maps with in-
creasing the mask. There yield χnull = 2.25±3.25 for the
Galactic mask of |b| < 20◦, and 0.88± 1.54 for |b| < 40◦.
Thus, masking out larger Galactic-plane region would
lead to smaller systematic bias, and all the null spectra
for the above five null tests are below 2-σ. We can there-
fore conclude that the ABS estimator successfully passed
all null tests performed here and demonstrates a stable
performance against the skies with different masks.
As seen, some large false amplitudes occur at ` . 400
in the case “inside Galactic-plane” in which the maxi-
mum one reaches 5.3 µK2 at ` ' 100, about 5-σ far away
from the true value. As known, the foreground contam-
ination at the Galactic central region is strongest while
having much stronger correlation at large scale than at
small scale, so that such contaminants may slightly bias
the signal estimate at low-` region. Thanks to the ro-
bustness and effectiveness of the ABS, the recovered am-
plitudes are still consistent with zero within a few µK2,
even for this worst case. Nonetheless, in practice, one
has to exclude this highly contaminated region to avoid
any possible biases induced from foregrounds.
5. CONCLUSIONS
We have tested the ABS estimator for recovering the
CMB power spectrum. Our estimator provides a blind
way to analytically extract the CMB power spectrum
from foreground contaminated maps by using the mea-
sured cross band power between different frequency chan-
nels. This estimator does not rely on any assumptions
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Fig. 5.— Same as Fig. 1, but for the case “inside Galactic-plane”, where only the region with |b| < 10◦ is used for CMB band power
spectrum estimation.
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Fig. 6.— Same as Fig. 4, but for the case “inside Galactic-plane”
(shown in Fig. 5), which is an extreme case suffering the brightest
foreground emissions.
Range of multipoles 〈r〉 σr 〈∆D〉 (µK2) σ∆D (µK2)
2 - 40 -0.035 0.017 -5.88 2.95
160 - 200 0.0025 0.0044 2.22 3.95
480 - 520 -0.00037 0.0056 -0.13 1.98
960 - 1000 0.0085 0.0031 0.61 1.69
1480 - 1520 0.015 0.016 1.71 1.83
1960 - 2000 0.039 0.021 1.6 0.87
TABLE 2
Same as Tab. 1, but for the case “inside Galactic-plane”.
of foreground components and it is only based upon the
fact that the CMB follows a blackbody spectrum.
The ABS estimator was applied to simulated muti-
frequency Planck maps at 30, 44, 70, 95, 150, 217 and
353 GHz. We keep the simulated foreground as realistic
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Fig. 7.— The result for the null test with the ABS method in
the cases of “Galactic-plane cut” and “inside Galactic-plane”. The
ABS-derived power spectrum and the associated 1-σ statistical er-
ror are estimated from 50 independent realizations of the instru-
mental noise. The shift parameter is set to be large enough (e.g.,
S ∼ 50σnoiseD ) to stabilize the calculation, yielding in completely
convergent results.
as possible. The microwave sources in the simulations
include the CMB, Galactic synchrotron, free-free, ther-
mal dust and anomalous microwave emission together
with instrumental noise. The various components have
significantly different angular morphology, frequency de-
pendence and amplitudes.
The results are quite promising. By performing 50
independent realizations of a set of simulations and com-
paring with the true simulated map, we find that the
ABS estimator provide an unbiased and efficient esti-
mate of underlying the CMB power spectrum well within
1-σ error bar at most scales. When choosing a Galactic
9mask excluding the region |b| < 10◦, the CMB power
spectrum is recovered with an accuracy at the level of
less than 0.5% over all scales. Moreover, we have tested
the ABS estimator against more extreme situations: (1)
full sky maps without any mask, (2) adding synchrotron
foreground maps increased by a factor 2, and (3) inside a
narrow strip of sky around the Galactic plane (|b| < 10◦).
We find that the performance of the ABS estimator is
remarkably robust. It can recover the CMB power spec-
trum accurately in the presence of foregrounds, reaching
relative errors of order a few percent.
It is interesting to evaluate the recovery performance
by comparing our results with the Planck 2015 tem-
perature power spectrum (Planck Collaboration et al.
2016). The residuals with respect to the best-fit the-
oretical prediction and associated 1-σ uncertainties are
about tens to hundreds of µK2 at multipoles ` . 500,
and they decrease to several to tens of µK2 in the range
of 500 . ` . 2500. Both residuals and uncertainties
in Planck are much greater than our results (∼ 1 µK2).
Foreground removal with ABS seems to be more robust
and effective against existing methods used in Planck.
However, evaluating the recovery performance for ABS
against the Planck results is complicated and difficult,
because (1) the CMB signal is always fixed in our sim-
ulations and the cosmic variance induced errors are not
taken into account; (2) the primary beam is assumed to
be unity for all simulated maps, with no boost in noises at
high-` regime from beam deconvolution; (3) the simula-
tions cannot model the foregrounds and noise properties
as well as systematic effects of the real Planck data to
sufficiently high accuracy. It is thus important to further
test the ABS approach by using the real Planck data. We
will leave this to future works.
We have to mention that the simulated observations
in this study are somewhat idealized, without primary
beam effects. The real-world instrument effects such as
the frequency-dependent and pointing-dependent beam
shape, correlated non-Gaussian instrumental noise are so
complicated that may affect the signal estimation. Be-
sides that, additional complex foreground components
such as extragalactic foregrounds, bright point sources,
the thermal SZ effects and unknown dust components
may significantly complicate the foreground removal as
well. It is therefore important to test ABS in more re-
alistic simulations. We will also apply ABS to the CMB
polarization maps with hope of detecting B-modes in fu-
ture work.
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APPENDIX
CONVERGENCE TEST FOR SHIFT PARAMETER
The shift parameter S can play a major role in power spectrum estimation, especially for the regime where the
signal-to-noise ratio (S/N) is low and less than unity. It is therefore very important to choose an appropriate S for
accurately and unbiasedly estimating the extremely faint primordial B-modes. Our simulations confirms that, the
value of S has to be at least an order of magnitude greater than the noise level σ, so as to pass the convergence test.
In Fig. 8, we show the impact of S on the recovered band powers by varying S, where the simulated noise level in
each frequency has been increased by a factor of 10 manually. With this enhancement, the noise will dominate at the
high-` regime (` & 1200), and the recovered signals at such regime are changed with S rapidly. In comparison with
the cases S = 50 and 100σσ100, the results are fully converged to a relative change below 1% such that no measurable
improvement can be expected within increasing S. There are almost no differences in the signal-dominated regime at
` . 1200, with the relative changes smaller than 10−4 on average. The typical value of S is therefore chosen as about
50σ in this study to obtain reliable band powers, and any larger S will yield almost identical results.
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Fig. 8.— Results of the convergence test for the shift parameter S.The noised level in each frequency has been manually enhanced by
a factor of 100, dubbed as σ100, to strengthen impacts of S in the recovered band powers D`. As seen, the derived band powers in the
noise-dominant regime (` & 1200) deviate strongly from the true one when S = 0, whereas the deviations gradually become smaller when
increasing S and eventually converge to that of S = 100σ100. The obtained band powers for S = 50σ100 and 100σ100 are essentially
identical. Note that, the fiducial noise level σ, expected from the Planck, is so small that the relative changes from varying S from 0 to
100σ are negligibly small (very similar to the signal-dominated regime at ` . 1200 shown here), with the level of < 10−4 over all ` range.
TESTS ON “FULL SKY” AND “TWO-TIMES-STRONGER SYNCHROTRON” MAPS
To further assess and validate the reliability of the ABS approach in more extreme situations, we have repeated the
ABS-based analyses using, however, two sets of frequency maps instead: “full sky” (shown in Fig. 9) and “two-times-
stronger synchrotron”.
The estimates of the CMB based on such sets of frequency maps are very similar to those obtained in the case
“Galactic-plane cut” shown in Sect. 4. In the case “full sky” where the full sky seven-frequency maps are used in the
CMB power spectrum estimation, even though the powers of all foreground components become an order of magnitude
higher than those in the case “Galactic-plane cut” (compared with Fig. 10 and the lower panels of Fig. 1 ), the recovered
11
spectrum is still unbiased, well within the 2-σ error bars at most ` bins, and the relative errors of the recovered power
spectrum now is below 1% which is slightly larger than those from the case “Galactic-plane cut”.
As a consistency check, one may wonder whether the derived deviation and associated error in the “full sky” case
(denoted by “C”) are consistent with the results from the “Galatic-plane cut” (“A”) and the “inside Galactic-plane”
(“B”) cases. As expected, the relative deviation in the “full sky” case, rC, can be approximated by rC = ∆DC/DrealC ≈
∆DC/
(DrealA +DrealB ) ≈ (rADrealA + rBDrealB ) / (DrealA +DrealB ). Inserting the derived values for r{A,B,C} and Dreal{A,B,C}
from the simulations, we find this approximation is roughly valid. For the statistical error in the power spectrum, the
relation among these three cases in terms of the sky coverage fsky, σC ' fAskyσA + fBskyσB, is also valid, as confirmed
by the simulations. Furthermore, the ratio of the systematic error (i.e. deviation) and the statistical error in case C
is somewhat greater than either that in case A and B, unlike one might expect that the ratio in case C should be in
between the case A and B. It may be caused by the effects from some nonlinear processes (such as the “cut off” in
eigenmodes) in ABS.
Next, we test the ABS approach by varying the amplitude of foreground. In the case “two-times-stronger syn-
chrotron”, we increase the amplitude of the synchrotron foreground map at each frequency by a factor of two (much
larger than the uncertainty in its modeling) and keep the other components fixed, together with our fiducial mask
removing the region within 10◦ from the Galactic plane. The results are demonstrated in Fig. 11(b), clearly implying
that the accuracy of the recovery remains unchanged with respect to Fig. 4. The above results of these two cases
confirm that the ABS-based CMB estimation is very flexible and it cannot be significantly biased by the much stronger
foreground contamination. Therefore, we can conclude again that the ABS approach provide a robust way and an
unbiased estimator that enable us to extract the underlying CMB power spectrum from observed frequency maps
accurately.
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Fig. 9.— Same as Fig. 1, but for the case “full sky” at the entire frequency channels used for CMB band power estimation to further
test the ABS approach.
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Fig. 10.— The corresponding power spectra of all microwave sources at the Planck maps in Fig. 9 to clearly show the foreground and
the noise contamination to CMB.
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(a) Full sky
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(b) two-times-stronger synchrotron
Fig. 11.— Same as Fig. 4, but for the cases of “full sky” (left panel) and “two-times-stronger synchrotron” (right panel).
